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Abstract
In present paper we have improved the potential function of Miyamoto
– Nagai (M-N) that is widely used in modeling the density distribution
of baryon mass in spiral galaxies. We suggest realistic and convenient
density function of the gravitating matter in the cylindrical coordinate
system and compare it with the M-N function for the Galaxy. Analytical
solutions for corresponding gravitational potential function and rotation
curve are obtained. It is emphasized that the potential function we have
obtained is free of shortcomings inherent in the M-N solution. Expression
for the baryon mass of S-type galaxies is obtained.
Keywords: Galaxies; Rotation Curves; Potential theory; Mass of galaxy.
Pacs numbers: 04.60.-m, 04.65.+e, 11.15.-q, 11.30.Ly
1 Introduction
One of the most important problems of modern galactic astronomy and cosmol-
ogy is to determine the distribution of gravitating matter in galaxies. The only
available method for obtaining such a distribution is the analysis of the mea-
sured rotation curves (RC) of galaxies ( see for example [1, 2] and references
therein). This analysis is based on modeling of the gravitational potential from
the available RC, and hence, subsequent calculation of the density distribution
functions of the gravitating mass.
As is known, the most widely used and convenient method of such calcula-
tion is based on the Miyamoto-Nagai potential [3] (see also [1,2,4]). However,
unfortunately the potential of MN has significant shortcomings. On the one
hand, it is rather cumbersome for calculations; on the other hand it has no
entirely physical meaning, because it does not vanish in the center of the galaxy
and for this reason the boundary condition at R = 0 can not be satisfied (a
symmetrical distribution of matter must lead to a potential vanishing at the
center of symmetry for any kind of system).
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In present paper, we eliminate these shortcomings of M-N solution and offer
simple analytical expressions for the gravitational potential, the associated ro-
tation curve, distribution of gravitating matter and the resulting total mass of
the galaxy.
The paper is devoted to the construction of a realistic and convenient density
function of the gravitating matter, and corresponding gravitational potential
function in a cylindrical coordinate system. We compare it with the Miyamoto-
Nagai function by using the Galaxy as an example. Analytical solution for the
RC, that corresponds to the density function is suggested. Expression for the
total baryon mass of S-type galaxies is obtained.
In conclusion the main results of this paper are summarized.
2 Rotation curve in the case of cylindric sym-
metry
Let a be the characteristic radius of the disc and 2b - its thickness. Let dm be
a point - like mass inside of the disk and r is the distance from the point - like
mass to observer (the observer is located inside of the disk at distance R from
the center of galaxy). In this case the distance between the observer and our
point-like mass can be written as:
r2 = z2 +R2 + ρ2 − 2Rρ cosϕ, (1)
where ρ , z and ϕ stay for the cylindrical coordinates of the mass under
consideration.
In order to facilitate integration, we split the potential formed by the point
- like mass, measured in the point of observer, into longitudinal and tangential
components u = u‖ + u⊥.
It is clear that tangential component will not affect the RC, so it can be
omitted. For longitudinal component we can write:
u‖ = u
R− ρ cosϕ
r
. (2)
But for the point - like mass we have u = Gm/r, so
du‖ = Gdm
R− ρ cosϕ
r2
, (3)
or in it’s complete form we write:
u‖ = G
∫ R
0
∫ b
−b
∫
2pi
0
σ(ρ, z)(R− ρ cosϕ)ρdρdϕdz
z2 +R2 + ρ2 − 2Rρ cosϕ . (4)
Integrating this expression over ϕ we will immediately find:
u‖ =
2piG
R
∫ R
0
∫ b
0
σ(ρ, z)ρdρdz. (5)
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In order to move forward, we must define the density distribution function
σ(ρ, z). To the best of our knowledge, the most used one to describe observed
S-type galaxies, is the Miyamoto - Nagai density function [3]. Unfortunately, as
it was mentioned above, this function is not convenient enough for analytical
calculations and for this reason we consider a factorized function of the same
degree that does allow analytical integration:
σ(ρ, z) =
1010M⊙
(γt2 + 1)3/2
∑ αk
(βkx
2 + 1)3/2
k
. (6)
In this expression γ, αk , βk denotes the parameters of approximation. For
convenience we also have introduced dimensionless variables x = ρ/a and t =
z/b. The density function of Miyamoto - Nagai is widely used in calculations,
and therefore it will be useful to compare our model (6) with the well known
M-N density function for the Galaxy. Figure 1 suggests this comparison for
the plane z = 0. Parameters for the best fitting of the two - component M-N
function by the expression (6) are as follows: γ = 30, α1 = 0.024 , β1 = 12 ,
α2 = 3.7 , and β2 = 10000.
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Figure 1: Baryon density as a function of distance R for two - component (bulge
+ disk) model of the Galaxy. The density of Miyamoto - Nagai (solid line), and
density given by the expression (6) (dashed curve) are compared.
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As can be seen, the density distribution function described by expression (6)
perfectly coincides with the MH function in the most important region of the
disk, which makes the greatest contribution to the baryon mass of galaxy and,
hence, to the rotation curve.
For the density function (6), the integration over z can be carried out easily:
I =
∫ b
0
1
(γt2 + 1)3/2
dz =
bt√
γt2 + 1
1
|=
0
b√
γ + 1
, (7)
and we obtain
u‖ =
ηb
R
√
γ + 1
∫ R
0
∑
k
αk
(βkx
2 + 1)3/2
ρdρ, (8)
where we have introduced the constant η = 2piG1010M⊙. Integration over ρ
gives
u‖ =
ηa2b
R
√
γ + 1
∑
k
αk
βk
[
1− 1
(βk
R2
a2 + 1)
1/2
]
. (9)
This expression describes the gravitational potential produced by galaxy in
the point R. The required RC can be obtained now immediately from (9) as
V 2⊥ =
ηa2b
R
√
γ + 1
∑
k
αk
βk
[
1−
3
2
βk
R2
a2 + 1
(βk
R2
a2 + 1)
3/2
]
, (10)
where all distances are measured in kpc. This expression was obtained for
the density function (6) characterized by the parameters γ, αk and βk, and it
can be used to calculate RC that corresponds to this density distribution.
Now we introduce, for convenience, new coefficients α∗k and β
∗
k in which
we include the parameters of the model. Namely let α∗k = bαk/
√
γ + 1 , and
β∗k = βk/a
2 . In this case (10) became:
V 2⊥ =
η
R
∑
k
α∗k
β∗k
[
1−
3
2
β∗kR
2 + 1
(β∗kR
2 + 1)3/2
]
. (11)
Figure 2 shows the rotation curves for the Galaxy, constructed on the basis
of expression (11) in comparison with the observed RC [5],[6],[7] (observations
are shown by squares with error bars). The parameters of the model we use are
α∗
1
= 0.2317 , β∗
1
= 0.112 , α∗
2
= 6.358 , β∗
2
= 28.8, α∗
3
= 7.005 , and β∗
3
= 1440.
As you can see, the obtained RC perfectly matches the observations in the
inner area R < R0 ≈ 15 kpc , at the same time one can see the discrepancy for
the outer part of the disk. This discrepancy is usually explained by the presence
of dark matter, but in this paper our goal was to find a physical substitute for
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Figure 2: Rotation curve obtained withexpression (11) for the Galaxy in com-
parison with the observed RC [5,6,7].
the M-N potential, and therefore here we leave the discussion of the distributions
of dark matter beyond our consideration.
To conclude this part we would like to suggest evaluation for the total baryon
mass of a galaxy. For the density distribution model used, we obtain, integrating
(6):
MG = 4pi10
10M⊙
∑
k
α∗k
β∗k
(
1− 1√
β∗ka
2 + 1
)
. (12)
By substituting the parameters for better fit of the observed RC presented
in Fig.2 (solid line), and taking for the Galaxy a = 15 kps (it should be noted
here that parameter a weakly affects the calculated mass), we obtain the baryon
mass of our Galaxy MG = 23 · 1010M⊙ which perfectly agrees with M-N result
[3].
3 Conclusions
The main results of the paper can be summarized as follows:
1) A new distribution function of the gravitating baryon mass is proposed,
which allow integrate analytically. The function is free from the shortcomings
of the currently used MN function.
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2) On the basis of new factorized density function, which excellently fits the
Miyamoto-Nagai one, we obtain a general expression for the galactic RC and
its baryon mass.
3) Expression for the baryon mass of spiral galaxy is suggested. Evaluation
for the Galaxy gives MG = 23 · 1010M⊙ that agrees with M-N evaluation.
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